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Abstract. We prove that if X,Y are Banach spaces, £2 a compact Hausdorff space 
and U : C(Sl,X) — > Y is a bounded linear operator, and if U is a Dunford-Pettis operator 
the range of the representing measure G(£) C DP(X,Y) is an uniformly Dunford-Pettis 
family of operators and ||G|| is continuous at 0. As applications of this result we give 
necessary and/or sufficient conditions that some bounded linear operators on the space 
C([0, l],X) with values in cq or l p , (1 < p < o°) be Dunford-Pettis and/or compact 
operators, in which, Khinchin's inequality plays an important role. 
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Let £2 be a compact Hausdorff space, X a Banach space, and C(Q.,X) the Banach space 
of continuous X-valued functions on £2 under the uniform norm and C(£2) when X is the 
scalar field. It is well-known (see §1 of Qj, Theorem 2.2 of [3 1 (Representation Theorem) 
or Theorem (Dinculeanu-Singer), p. 182 of [6]) that if Y is a Banach space then any 
bounded linear operator U: C(£l,X) — > Y has a finitely additive vector measure G: E — » 
L(X,Y**), where E is the <T-field of Borel subsets of £2, such that y*U (f) = J n fdGy*, 
f G C(£l,X), y* EY* . The measure G is called the representing measure of U . 

Also, for a bounded linear operator U : C(Q.,X) — > Y we can associate in a natural way 
two bounded linear operators U # : C(Q) -> L(X,Y) and U#: X -> L(C(£2),F) defined by 
(t/ # ^))(jc) = U((p(&x) and (t/#x)(<p) = I/(<p ®jc), where for (p G C(£2), ifXwe denote 
(p®jc)(fi>) = (p(co)x. 

For a a-algebra E C £?{$), X a Banach space and a vector measure G: E — * X, we 
denote G(E) = sup{||G(A)|||A € E,A C £} the quasivariation of G, by |G| and ||G|| the 
variation and semivariation of G and we use the fact that G(E) < \\G\\ (E) < 4G(E) for 
any E e E (see chapter I, Proposition 1 1, p. 4 of |6l). 

We denote by B(L,X) the space of all totally measurable functions endowed with the 
supnorm. 

Also, for [0, 1] we denote by E the <7-field of Borel subsets, ji : E — > [0, 1] is the Lebesgue 
measure and (r„)„ G jj is the sequence of Rademacher functions. 

If V € rcabv(Z), f: [0, 1] — >• K is v-integrable and a: E — > K is defined by 
a(£) = f E f(t)dv(t), then /„' |/(f)|d|v|( f ) = |a|([0, 1]) and fi([0, 1]) < /J |/(0|d|v|(f) < 
4a([0,l]). 

If G: E — > L(X,Y) is a vector measure we denote by ||G|| the semivariation of G defined 
by ||G||(£) = sup{|G y .|(£)||b*|| < 1}, E e E, where G y *{E) = (G(E)x,y*) and we say 
that the semivariation ||G|| is continuous at if ||G||(£jt) — > for^ \ 0, (£' J t) J t e N C E. As 
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is well-known, ||G|| is continuous at if and only if there exists a > a Borel measure on 
E such that lim a ( £ )^o 11^(^)11 = 0- Also, |G| is the variation of G and for x € X we write 
G^: X — * y defined by G X (E) — G{E){x) and if A: E — > X* is a vector measure for x&X 
we write Ax: E — > K defined by (Xx)(E) = X (E)(x). 

As is well-known, (see chapter 2, p. 32 of [5]) if X is a Banach space, 1 < p < oo and 
(pOneN £ ^* i s sucn tnat f° r an Y x EX the series £™ = i |x* (x) \ p is convergent. Then 

N) = sup ( £>*(*)!'] <°° 

IWI<1 \n=l ) 

and we denote by w p (X*) the set of all such sequences. 

Observe that if p = 1, then (x*)„ g n G wi (^*) if an d on ly if Tm=i x n i s a weakly Cauchy 
series in X* . 

We recall that if X and y are Banach spaces, a bounded linear operator U: X — » y is 
called Dunford-Pettis operator if and only if for any x„ — > weafc it follows that U(x n ) — * 
in norm. We denote by DP(X,Y) the space of all the Dunford-Pettis operators from X 
into y. A Banach space has the Schur property if the identity operator is Dunford-Pettis. 

We also need the following characterization of weak convergence in a C(£l,X) space 
which will be used later without an explicit reference. If (f n ) n eN ^= C(Q.,X), then /„ — > 
weak if and only if sup nGN aen ||/„(a))|| < °° and f n {(o) — > weafc for any 0) e £1 (see 
Theorem 2 of J2]). 

For Co or l p with 1 < p < °° we denote by e„ the standard unit vectors in these spaces. 

All notations and notions used and not defined in this paper are either standard or can 
be found in [5 1 or |6)- 

In Theorem 3. 1 of [ 1 1 it is proved that if U : C(£l,X) — > Y is a Dunford-Pettis operator, 
then the representing measure has the property that G(E) S DP(X,Y) for any E G E and 
||G|| is continuous at and that this condition is necessary and sufficient if and only if X 
has the Schur property. 

We will prove in theorem 4 below, that Dunford-Pettis operators on C(£l,X) satisfies a 
much stronger condition. In order to prove this result we introduce the following notion. 

Let X be a Banach space and (y ),G/ a family of Banach spaces. 

A family {U, € L(X,Yi)\i £ 1} is said to be uniformly Dunford-Pettis family of operators 
if and only if for any x„ — * weak it follows that sup iG/ ||t/,(x„)|| — > 0. 

When there is some risk of confusion we write || • ||, for the norm in the Banach space Y, \. 

In the sequel we give necessary and sufficient conditions that a sequence of bounded 
linear operators be an uniformly Dunford-Pettis family. 

PROPOSITION 1. 

Let X be a Banach space, (Y n )„ e pj a sequence of Banach spaces and U„ £L(X, Y n ) for any 
n €N. The following assertions are equivalent: 

(i) (U n )neVi !S an uniformly Dunford-Pettis family. 

(ii) U„ G DP(X,Y n ) for any n G N and for any sequence x n — > weak it follows that 
\\U„(x n )\\„ — > in norm i.e. the diagonal sequence of the matrix (U^x^nkeN is null 
convergent. 

(hi) sup nGN ||f/„||„ < oo and the operator U: X — > L,(y„|n G N) defined by U(x) = 
(U n (x)) n€ jq is Dunford-Pettis. 
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Proof. 

(i) or (iii)=^(ii). It is trivial. 

(ii) =Ki). Indeed, it is easy to see that from (ii) it follows that for any sequence x„ — > 
weak and any two subsequences (k„)„ e ^ and (p n )neH of Nit follows that ||£4„(-Xp„)||jfc„ — > 
0. Since 14 is a Dunford-Pettis operator for any k G N, we have lim„^oo ||f4(jc n )||jfc = 0. 
Now using the well-known fact that if (a„k) n ,ke^ — i s a double indexed sequence 
such that for any k £ N we have lim„^oc flfe, = 0, then lim„^ooflfa, = uniformly in 
k E N if and only if for any two subsequences (k„)„ e m and (p n )neN of N it follows that 
hm„^ocfl<.., lP „ = 0, we deduce sup keN ||C4(.x„)IU -> 0, i.e. (ii). 

(ii)=Kiii). Let cjf ak (X) = {(x„) nGN C X|jt„ -> weak} which is a linear space for the 
natural operations for addition and scalar multiplication and a Banach space for the norm 
||(*m)«gn|| = su PneN Then (ii) affirms that the mapping h: Cg eak (X) — > co(Y„\n e N) 
defined by h((x n ) ne $) — (U n (x n )) ne ?$ takes its values in co(Y„\n £ N) and, by an 
easy application of the closed graph theorem, h is bounded linear. Then for any 
n e N and .teXwe have ||f/„(jc)||„ = ||/i(0, . . . ,0,x,0, . . . )|| < ||ft||||x|| i.e. the family 
(U„)„eN is pointwise bounded and thus uniformly bounded, (by the uniform bound- 
edness principle) i.e. sup nGN ||t/„||„ < °°. Then the operator U in (iii) is well-defined, 
bounded linear and by the equivalence between (i) and (ii), it follows that U is 
Dunford-Pettis. 

As a consequence, from Proposition 1 we give a necessary and sufficient condition 
that an operator with values in cq or L, be Dunford-Pettis, completing a result from 
Exercise 4, p. 114 of J4). Probably, this result is well-known, but we do not know a 
reference. 

COROLLARY 2. 

Let X be a Banach space, (x*)„ G pj C X* such that either {x* n ) ne ^ is bounded or, x* — > 
weak* and U: X — > L, or cq defined by U (x) — (x*(x)) ne ^. 
Then the following assertions are equivalent: 

(i) U is a Dunford-Pettis operator. 

(ii) For any sequence x n — » weak it follows that x* (x n ) — > 0. 

In the next proposition the point (a) is an extension of the implication (ii) => (i) in 
Theorem 3.1 in 1 10]. 



PROPOSITION 3. 

LetX be a Banach space, (T n )„ G N a sequence of Banach spaces and T„,V„ S L(X,Y n ) two 
sequences with sup neN \\T n \\ n < °° and sup nGN ||Vn||« < °°. Let U: C([0, l],X) — > co(Y„\n £ 
N) be the operator defined by 



(a) U is Dunford-Pettis (T n ) ne ^ and (Vn)«eN are uniformly Dunford-Pettis. 

(b) U is compact T n and V n are compact for any n € N and \ \T„\\ — > and \ \V„\\ — »• 0. 




Then 
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Proof. The fact that U takes its values in co(Y„\n G N) follows from hypothesis, 
the well-known fact that for any / G C[0, 1] we have f f(t ) sin27Tnfd/ — > and 
Jo f(t)cos2nntdt -> and the density of C[0,l]<g>X in C([0,1],X). For any n G N, let 
5„: C([0, 1],X) -> y„ be defined by 



(a) Suppose U is a Dunford-Pettis operator. Let k G N be fixed. 

If x n — > weak, then x„ sin27Tfcf — > weak in C([0, 1],X) and thus U(x n sm2nkt ) — > 
in norm. If £/(*„ sin27Cfcf ) = i(0, . . . ,0,7^(x n ),0, . . .) then 7^(x n ) — » in norm i.e. 7^- is 
Dunford-Pettis. Also, if x„ — > weak, then x„sm2nnt — > weak in C([0, 1],X), thus 
U (x n sin27Znt) — > in norm and since t/(x„ sin2^nf) = A(0,...,0,IJ,(jt n ),0,...) it fol- 
lows that T n (x„) — > in norm. From Proposition 1 it follows that (7 , „)„ g n is an uniformly 
Dunford-Pettis family. In the same way it can be proved that (V n ) n ^ is an uniformly 
Dunford-Pettis family. 

Suppose now that (r„) nG pj and (V n ) n eN are uniformly Dunford-Pettis. Then, by 
the ideal property of the class of all Dunford-Pettis operators, it follows that S„ is 
Dunford-Pettis for any n G N. Let (f n )neN £ C([0, be such that /„ — > weak. 
Then sup neN;G [ ^ \\f n (t)\\ < °° and /„(?) — * weak for any t G [0, 1]. By Proposition 1, 
\\T n (f„(t)) sin2nnt\\ n ^0 for any t G [0,1] and obviously sup nGN , G[01 ] || T 7 ,, (/„(*)) sin 2%nt\\ n < 

°°. Now by Bartle's convergence theorem (p. 56 of [6]), it follows that J ||T„ (/„(?)) sin27z;nf ||„d? 
0. Analogously / ||V„(/„(?))cos27z;«?||„d? — * 0. By Proposition 1, U is Dunford-Pettis. 

(b) Suppose U is compact. Then (see Exercise 4, p. 144 of [4|) there is < A„ — * such 
that ||S„(/)|| <k n forany/eC([0,l],X) with ||/|| < 1 and any n G N. 

In particular, for any x G Bx and any n G N we have 



i.e. ||r„|| < 2A„ for any n G N and thus ||r n || -s-0. Similarly \\V n \\ -»■ 0. 

Also, by the ideal property of compact operators we obtain that for any n G N the 
operator S n is compact, in particular the set 



is relatively norm compact, T„(Bx) is relatively norm compact i.e. T n is compact. Analo- 
gously, V n is compact. 

Conversely, by the ideal property of compact operators, it follows that all S„ are com- 
pact and also ||S„|| < ||7 , „||+ ||V n || — ► i.e. U is compact. 

The following theorem, which is the main result of our paper, is an extension of Theo- 
rem 3.1 in iflOl . 

Theorem 4. Let X,Y be Banach spaces, £2 a compact Hausdorff space and U: C(Q.,X) 
— > y a bounded linear operator with G its representing measure. 

IfU is a Dunford-Pettis operator, then the range of the representing measure G(L) C 
DP(X,Y) is an uniformly Dunford-Pettis family of operators and \\G\\ is continuous at 0, 
or equivalently, for any x n — > weak it follows that G Xn (Q) — > and ||G|| is continuous 
at®. 



S„(f)= [ (T n (f(t))sm27tnt + V„(f{t))cos27tnt)dt 




(T„(x) sin 2 27C«f + V n (x) sin27C«f cos27Tnf )df < Xn 




(T n (x)sm 2 2nnt + V n (x) sin27Tn?cos27rnf)d/| |jx|| < 1 I C Y n 
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Proof. If U is a Dunford-Pettis operator, then clearly for any x £ X we have U#(x) G 
DP(C(£1),F). Let*,, -> weak. For« e N, let (ft, e C(Q) with ||<p n || < 1 such that 

||t/#(x„)|| -i < ||t/ # (x„)(<p„)|| = ||f/(<p„®x„)|j. 

n 

For any © S £2 and any x* S X* we have 

|x*((p„(c0)x„)| < |x*(x„)| ->0 and sup ||(ft<g)*„|| <sup||x„|| < oo, 

ngN neN 

hence <p„ ®x„ — > weak. Since £/ is Dunford-Pettis we have \\U((p„ ®x„)| — > and 
thus ||f/#(x„)| — > 0, which means that U#: X — > DP(C(£2),y) is a Dunford-Pettis opera- 
tor. Because for any i£X the operator U#(x): C[0, 1]—>Y has the representing measure 
G x : H—>Y and cf x {£l) < \\U#(x)\\ = \\G x \\(£l) < 4G x (£l) we get that for any x„ -> weak 
it follows that sup £6l ||G(£)(x„)|j = G^(H) -> 0. 

The fact that ||G|| is continuous at is proved in Theorem3.1 of [ 10 1 . 

We observe that the above proof is an obvious modification of the proof of Proposition 7 
inil. 

Now we analyze the case of operators with values in cq. 
Theorem 5. 

(i) Let X be a Banach space, (A„)„ g n C rcabv(JL,X*) such that X„{E) — > weak* for 
any E £ E and let U : C([0, l],X) — > Co £>e f/?e operator defined by 

U{f) = (t f{t)Aln{t)\ ■ 

V° /neN 

If U is a Dunford-Pettis operator, then for any x„ — > weak it follows that 
sup^j^ |AfeX„|([0, 1]) — > anc/ (A„) n£ N uniformly countably additive. 

(ii) Let X be a Banach space, ((p n )neN Q B(L,X*) with sup neNfG j jj ||<p n (f)|| = M < oo, 
(v n )neN 5= rcabv(Y.) an uniformly countably additive pointwise bounded family such 
that for any E E E and any x <EX we have J E <p„(f)(x)dv„(f) — ► 0. Let U: C([0, — ► 
Co be the operator defined by 

U(f)= ( [ l <p n (t)(f(t))dv n (t)) . 

(a) If U is a Dunford-Pettis operator, then for any x„ — > weak it follows that 
/ 1 |(p„(f)(x„)|d|v„|(f)-,0. 

(b) If for any x n — » weafc it follows that <p n (f )(x„) — > 0/or any f G [0, 1], f/zew t/ is 
a Dunford-Pettis operator. 

(c) U is a compact operator if and only if jj ||<p„(f)||d| V„|(f) — ► 0. 



Proof. 
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(i) Indeed, by hypothesis and the Nikodym boundedness theorem it follows that 
sup nGN ||A„||([0, 1]) < oo. From X„(E) — ► weak* for any E E E it follows that for 
any simple function /: [0, 1] ^Xwe have J f{t )dA„(f) — * 0. From the well-known 
inequality \\ $ f(t)&Xn(t)\\ < \\f\\ ||A„|| ([0, 1]), / E B(L,X), we deduce that U takes 
its values in cq and that it is bounded linear. 

The representing measure of U is G(E) = (X k (E)) k£ ^: X — > co and for any x e X 

we have G. v ([0, 1]) = sup £eE sup t€N \X k {E)(x)\ = sup keN X k x([0, 1]). Using that for 

any x E X we have i]Afcx|([0, 1]) < X k x([0, 1]) < \X k x\([Q, 1]). Applying Theorem 4 
we obtain what needs to be proved. (Observe that in this case, ||G|| is continuous at 
and is equivalent to the fact that the family (A„)„ £ n is uniformly countably additive 
(see chapter I, Theorem 4, p. 11 of @). 
(ii) Let (A„)„ g n C rcabv(L,X*) be defined by X„(E)(x) — J E <p„(f)(x)dv„(f) and observe 
that X n (E) = Bochner- J E <p„(f)dv„(f ). 

Then, by hypothesis, we have that X„(E) — > weak* for any £ e E. Also, from 
l|A„(.E)| < M|v„|(£) and the fact that (v„)„ g n is uniformly countably additive it follows 
that (A„)„ g n is uniformly countably additive. Then U(f) — (/ /(?)dA„(f ))„ eN - 

(a) For any x E X, k E N we have that A^x: E — > IK is defined by (X k x)(E) = 
Se <Pk(t)(x)dv k (t) and |A^|([0, 1]) = /J |0fc(f)M|d|v*|(f). Now by (i) if x„ -> weak, 
then sup^/o 1 |^(/)(^)|d|v fe |(?) -»■ 0. 

(b) Let (/„)„ GN C C([0,1],X) be such that /„ -> weak. Then sup n6N)f€ [ 0)1 ] ||/«(f)ll = 
L<oa and /„ (f ) — * weak for any f E [0, 1]. 

By hypothesis, %{t){f n (t)) — ► for any f e [0, 1] and |<Pn(0(/«( f ))l < ^ for anv 
t G [0, 1], Then, by Bartle's convergence theorem, it follows that /J |<p„(f)(/„(f))|d|v„|(f) 
and, by Corollary 2, t/ is a Dunford-Pettis operator. 

(c) We observe that |A„|([0, 1]) = / Q ||<p„(f)||d|v„|(f) and the proof will be finished since 
(see Exercise 4, p. 1 14 of |4]]) U is a compact operator if and only if |A„|([0, 1]) — > 0. 



Remark 6. 

(a) If (<p„)„ G N C B(£,X*) is such that sup„ eN ;e[0 ^ \\q>n(t)\\ < °°, (v„) b6 n C rcabv(E) is 
an uniformly countably additive pointwise bounded family and in addition, <p„ (t ) — > 
weak* for any f E [0, 1], then it follows that for any E E E and any jc E X we have 
/ £< p„(0(x)dv„(f)^0. 

(b) Under the hypothesis of theorem 5 (ii), for any k E N, the operator T k : X — > Li (| v^|) 
defined by T k (x) = (p k x is Dunford-Pettis and the condition: for any x n — > weak it 
follows that Jq I <p„ (f ) (x„ ) | d | v„ | (f ) — > is equivalent to the fact that the family ( T k ) ke ^ 
is an uniformly Dunford-Pettis family. (For this reason we formulate (a) in theo- 
rem 5(ii)). 

Proof. 

(a) Indeed, in our hypotheses, we can apply again Bartle's convergence theorem, to 
deduce that for any feEwe have f E <p„(f)(x)dv„(0 — * 0. 
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(b) Let k G N be fixed. If x„ — > weak, then (Pk{t)(x n ) — > for any r G [0,1] and 
sup neN f6 r a |(p^(f)(x„)| < oo. From the Lebesgue dominated convergence theorem, 

it follows that / | ^ (f ) (x M ) | d | | ) — > 0. The last part of the statement follows by 
Proposition 1. 

In the following corollary we indicate a way to construct examples of Dunford-Pettis 
operators from a Dunford-Pettis one. In view of Theorem 9 of [2 J and Theorem 3.1 of 
iflOl . this result is, perhaps, natural; see also [9| for other examples in the scalar case. 

COROLLARY 7. 

(a) Let X be a Banach space, (x*) ne jq C X* a bounded sequence, T: X — > L, defined by 
T(x) = (x*(x)) ne fj and (v„)„eN ^= rcabv(L) such that V„(E) — > for any E G E and 
liminfn-joo |v„|([0, 1]) > 0, orx* n — ► weak*, T:X — > co definedby T(x) — (x*(x))„ e N 
one/ (v„)„ e N C rcabv(E) uniformly countably additive pointwise bounded such that 
liminf„^ o<J |v n |([0 ) l])>0. 

Let U : C([0, 1] ,X) — > Co be the operator defined by 
U{f) = ([ 1 x*J{t)dv n {t)\ . 

Then 

( i) U is Dunford-Pettis T is Dunford-Pettis. 

( ii) U is compact T is compact. 

(b) Let a = (a n ) n £N G L, and let U: C([0, 1], Li [0, 1]) — > co be the operator defined by 

U{f) = (an I' ( [ f(t)(s)s"ds] r n (t)dt] . 
V Jo \Jo J J„ m 

Then U is Dunford-Pettis, while U is compact a G cq. 
Proof. 

(a) Define <p„(f) = x* n and observe that, in our hypotheses, in both cases for any E G E 
and i€Xwe have J £ <p„(f )(x)dv„(f ) — * 0. Thus, the hypotheses from Theorem 5(ii) 
are satisfied and U(f) = (/J <p„(t){f(t))dv„(t)) neW 

(i) Suppose f/ is a Dunford-Pettis operator. In both cases, from Theorem 5(ii)(a) if 
x„ -> weak, it follows that /J |^„(f)(x„)|d|v„|(f) -> 0, or |jc*(x n )||v„|([0,l]) -> 0. 
From here, since liminf,,^^ |v„|([0, 1]) > 0, we deduce |x*(x„)| — » i.e., by Corol- 
lary 2, r is Dunford-Pettis. 

The converse follows from Corollary 2 and Theorem 5(ii)(b). 

(ii) By Theorem 5(ii)(c), U is compact if and only if ||x*|| |v„|([0, 1]) = Jq \\(p„(t)\\d 
\v„\(t) — > or equivalently, by hypothesis, ||x*|| — > i.e. r is compact. 

We remark that in (i) and (ii) the converses are true without the hypothesis 
liminf„_ M>o |v n |([0,l])>0. 
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(b) Since any positive bounded linear operator from Li[0, 1] into cq is Dunford- 
Pettis (see Corollary 2.3 of Q) the operator V: Li[0,l] -> c defined by V{f) = 
(Jq f(s)s"ds) nm is Dunford-Pettis, and thus T: Li[0,l] -> c defined by = 

(a„/ 1 /(i)^"di) nGN is Dunford-Pettis. By (a)(i), U is Dunford-Pettis. By (a)(ii), U 
is compact <^> 7" is compact 4=> \a„ | — > 0. 

Examples of measures as in Corollary 7(a) can be obtained in the following ways: 

1. Let (o£„)„ g n G /i be a non-null element and define V„(E) = a,\ f E r n (t)dt + ■ ■ ■ + 
a„ J E n (t )dt . Then v n (E) -> for any £ e E and limimV^ | V„| ([0, 1]) > 0; 

2. If A: [0, 1] -> R is a differentiable function with ft'(0) ^ 0, then v„(£) =n/ £ (h( f -) - 

h{0))dt -> fc'(0) / £ f df = v(£) uniformly for £ e E and lim„^oc |v„|([0, 1]) = > 0. 

1. Indeed, in our hypothesis, by a well-known classical result (see Chapter IX, Exer- 
cise 17 of HH) it follows that V„(E) — > for any £gE and, by Khinchin's inequality 
(seep. 10 of [5 1) for any n e N we have |v„|([0,l])> -L(\ai\ 2 + ■ ■ ■ + \a n \ 2 )? and 
liminf„^oe|v„|([0,l]) > -L||(a„)„ GN ||2 > 0. 

2. Let e > 0. Then there is 8 £ > such that for any < t < 8 £ we have (/i'(0) - e)t < 
h(t) -h(0)< (fc'(0) +e)f . There is also n e € N such that J- < 5 £ . Take n > n e . Then for 
any re [0,1] we have *- < 8 £ from where (h'(0) - e)t < n[/z(£) -h(0)] < (h'(0)+e)t. 
For any E e E we obtain (h'(0) ~e)j E t< nj E [A(£) - h(0)]dt < (A'(0) + e)J E t, or 
\nJ E [h^)-h(0)}dt-h'(0)J E tdt\<eJ E tdt< e T Ah O 



The next example is different from what was used in Theorem 9 of [ 2 1 and Theorem 3 . 1 
of ifTOl and in the scalar case appear in Example 11 of [9 1. 



COROLLARY 8. 

LetX be a Banach space, Y*Z=\ x *n a weakly Cauchy series in X* and let U: C([0,l],X) 
cq be the operator defined by 



Then U is a Dunford-Pettis operator and U is a compact operator if and only ifU = 0. 

Proof. Let T: X — > l\ be the operator defined by T(x) — (x*(x)) ne -^ and V: C([0, i],X) — * 
C([0, l],/i) the operator defined by V(f) = Tof. Define also S: C([0, l],/i) -> c by 






and observe that U = SV. 
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(S takes its values in cq (Chapter IX, Exercise 17 of iflTll V) Because l\ has the Schur 
property, from Theorem 3.1 of iflOl . S is a Dunford-Pettis operator and hence U is also a 
Dunford-Pettis operator. 

Define %(t) = x* n r\ (f ) + x*_ l r2(t) H \-x\r n (t) and observe that (Chapter IX, Exer- 
cise 17 of [11]) [ E %(t)dt -> weak* for any E G E, ||<p„(f)|| < wi(x*|n G N) for any 
r G [0, 1] and U(f) = (/J <p n (*) (/(*))&) n6N - 

By Theorem 5(ii)(c) t/ is compact if and only if f} \\(p n (t)\\dt — > 0. However, for any 
n G N, again by Khinchin's inequality we have 

-L sup(K(x)| 2 + ... + |x:(x)| 2 )T< /'ll^WUdf. 
V2||. l ||<l -/O 

If U is compact, then suppi^i (L~=i l-^WI 2 ) 2 = 0, which implies x* = for any 
nGNi.e. [/ = 0. 

We now state a remark which is certainly well-known, but, unfortunately, we do not 
know a reference. 

Remark 9. 

(a) The space w\ (L\ [0, 1]*) is isometrically isomorph with L^([0, l],/i), more precisely, 
if g n G Loo[0, 1] = Li [0, 1]*, then ^" =1 g„ is a weakly Cauchy series in L<x,[0, 1] the 
function g= (g n ) n€N e L„([0,l} 7 h). 

(b) A weakly Cauchy series Y^=iSn in L„[0, 1] is unconditionally norm convergent 
the function g = (g n ) n eN G L=o([0, has an essentially relatively compact range 
in l\. 

Proof. 

(a) Indeed, Y^=\Sn is a weakly Cauchy series in L^O, 1] the operator T: L\ [0, 1] Zi 
defined by T(/) = (J gn(?)/(f)df)„ GN is bounded linear. Since l\ has the Radon- 
Nikodym property (see Theorem, p. 63 of 0), this is equivalent to the fact that T 
is representable i.e. there is h = (h n ) ne fj G L,»([0, 1] , /i ) such that T(f) = Bochner — 
Jo f(t)h(t)dt. Then for any « G N we have that J E g n (t)dt = f E h n (t)dt for any E G E. 
Thus g„ = /z„ /i-a.e. and the statement follows. 

(b) By Theorem 1.9, p. 9 of [5 1, the unconditionality norm convergence of series Ym=\ gn 
is equivalent to the fact that the operator T: L\ [0, 1] — > l\ as in (a) is compact. By the 
representation of compact operators on L\ (ju) (see p. 68 of [6 |), this is equivalent to 
the fact that g has an essentially relatively compact range in l\ . 

In the sequel we analyze the same kind of operators as in Corollary 7, but with values 
in l p , where 1 < p < °o. We begin with a lemma which is, probably, a well-known result 
but, we do not know a reference. 

Lemma 10. Let 1 < p < °°, (oc„)„ e N G l p and let G: E — > l p be defined by 
G{E)= [On f r n {t)dt) . 
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(i) If I < p < 2, then ^|| {On)nen\\r < ||G||([0, 1]) < ||(a n )„ €N || r , where i = ± + A 

(ii) If2<p<°o, f/zen -Lsup nGN |a„| < ||G|| ([0, 1]) < sup nGN |a„|. 



Proof. Let /z: [0,1] — > Z p be defined by /z(f) = (a„r„(f ))„ g n an d observe that G(E) = 
Bochner-/ £ ft(/)d/. Then 

||G||([0,1])= sup |G,.|([0,1])= sup [\*h(t)\dt, 

\\y*\\<l |b*||<l"' 

because G y *{E) = f E y*h{t)6t and \G r \([0, 1]) = /J |y*/z(f)|df. 

However, for any y* = (^„)„ g n &lp=lq (q is the conjugate of p), we have y*h(t) = 
£" = i %„0C n r n (t) and, by Khinchin's inequality 



i.e. -^||Af|| < ||G||([0, 1]) < ||M||, where M: l q — » is the multiplication operator 
M((^„)„ eN ) = (a„<^„)„ G N- Now, as is well-known 

(i) if 2 < q i.e. 1 < p < 2, then ||M|| = ||(a„)„ GN || r = (£~ =1 W) where \ = \ + I 
ie 1 = 1 + 1 

(ii) if # < 2 i.e. 2<p<°°, then ||M|| = sup neN |o^|. 

In case of operators on C([0, 1],X) with values in l p , Khinchin's inequality gives a 
distinction for 1 < p < 2 and 2<p<°°. 

PROPOSITION 11. 

Let 1 < p < °° p* be the conjugate of p, X a Banach space, (x*)„ g n <= w p (X*) and 
T: X —* Z p defined by T(x) = (x*(x)) ne iq. 

Let U: C([0, 1],X) — ► / p fee //ze operator defined by 



u(f)=y\* n f(t)r n ( t )6^ 



(a) If T is a Dunford-Pettis (resp. compact) operator, then U is a Dunford-Pettis (resp. 
compact) operator. 

(b) IfX is reflexive and T is Dunford-Pettis, orX = Co, then T is compact and thus U is 
compact. 

(c) IfU is a compact operator, then x* — ► in norm. 

(d) Suppose 1 < p < 2. Then 

( i) U is a Dunford-Pettis operator T is a Dunford-Pettis operator. 

( ii) U is a compact operator is a compact operator. 

(e) Suppose 2<p<°°. 

(i) IfU is a Dunford-Pettis operator, then T: X — > cq is a Dunford-Pettis operator. 

(ii) IfT: X — ► Co is a compact operator i.e. x* n — > in norm andX* has type a, where 
1 < p* < a < 2, then U is a compact operator. 
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Proof. The fact that U is well-defined, bounded linear is clear. Also, the representing 
measure off/ is G(E){x) = (x*(x) J E r n (t)dt) neK 

(a) We observe that for any / 6 C([0, l],X) we have 

\\u(fw=i 

= f 1 \\T(f(t)W6t 
Jo 

i.e. 

(*) \\U(f)\\< (£\\T(f(t))\\ p & 

From this inequality it is easy to prove that if T is a Dunford-Pettis operator, then U is 
a Dunford-Pettis operator. 

Indeed, let (f n )neN ^= C([0, 1],X) be such that /„ — > weak. Then sup„ e pj i;G [ jj 
\\f n (t )\\ =L<oa and /„(?) — > weak for any f e [0, 1]. Since T is a Dunford-Pettis oper- 
ator, it follows that \\T(f k {t))\\P -» for any r £ [0,1] and \\T(f k (t))\\ < ||r||||/ t (f)|| < 
L\\T\l 

From the Lebesgue dominated convergence theorem we get Jq \ \ T (f k (t ) ) 1 1 p dt — » and 
by (*), it follows that \\U(f k )\\ -> 0. 

Suppose T: X — > Z p is compact and let e > 0. From Exercise 6, p. 6 of [4], there is 
n t eN such that sup^n^ L~ =(!e < £. 

Take / G C([0,1],Z) with ||/|| < 1. Since for any n G N we have | /J 

^(0df| P < Jo ir=„ l4(/( f ))l p df, we deduce ^ = „ £ | /J x*/(0r„(0d^ < e, hence, again 
by Exercise 6, p. 6 of J4), [/ is compact. 

(b) First, it follows from the well-known fact that a Dunford-Pettis operator whose 
domain is reflexive is compact and second, by the same reasoning and the fact that l\ has 
the Schur property, the dual is compact, hence compact by Schauder's theorem. 

(c) We have that U*\ l p * -> rcabv(T.,X*) = C([0, l],X)* is defined by C/*(|) = G^, where 
G^E){x)=l^^ n x* n {x)S E r n {t)At. 

Since % = (^ n ) n eN € l p * and (x*)„ GN G it follows that the series £~ =1 % n x* n r n [t) 

is unconditionally norm convergent for any t £ [0, 1] and let /i<e : [0, 1] — > X* be defined by 
^(0 = Lr=i ^n x n r «( f )- Then the function is Bochner integrable (by an easy applica- 
tion of the Lebesgue dominated convergence theorem for the Bochner integral), (E) = 

Bochner- J E h^(t)6t and thus \\U*(%)\\ = \G^ |([0, 1]) = / ' \\h^{t)\\dt. 

If U is a compact operator, then by the Schauder's theorem U* is compact, in particular 
£/*(e„)^0andthe statement follows since ||£/*(e„)| = f Q l \\h en (t)\\dt = / ' ||;c*r n (f)||df = 

\K\\. ' " 

(d) Define r such that ± = \ + \ and T: X -> Z r by = (x*(x)) nGN . 
We prove the following equivalences: 

(i) t/ is a Dunford-Pettis operator T: X — * l r is a Dunford-Pettis operator T: X — * 
Z p is a Dunford-Pettis operator. 

We observe that for any x E X the measure G x : £ — * l p is defined by G X (E) = 

( X *n( X ) Ie r "( f ) df )„GN aIld ^ lemma 10 0) 

-^\\T(x)\\ r <\\G x \\([0A})<\\T(x)\\ r . 



x* n f(t)r n (t)6t 



< f i\4f(t)\ p dt 




Dumitru Popa 



If U is a Dunford-Pettis operator, then by Theorem 4, for any x„ — > weak it follows 
that ||G. X „||([0,1]) -> and by the above ||r(x„)||, -> i.e. 7: X -> is Dunford- 
Pettis. 

We now prove that for any x E X we have the inequalities 

(**) iroil, < II^WIIp < e N)||x||||r(x)|| r 

and then from these inequalities it is easy to prove the second equivalence. 

Indeed, first inequality follows from the inclusion l p C l r and for the second we 
use the Holder inequality || T(x) \\ p < || T(x) || 2 1| T(x) || r . 

In (a) we prove that if T: X — > l p is a Dunford-Pettis operator, then U is a Dunford- 
Pettis operator. 

) U is a compact operator T: X — > / r is a compact operator T: X — > Z p is a compact 
operator. 

Suppose U is compact and e > 0. Then (see Theorem 6 of HI and Exercise 6, p. 6 
of [4 1) there is n £ G N such that for any y G 5(12, X) with ||y|| < 1 we have 



E 



x* k f(t)r k (t)dt 



Up 



< e. 



By Holder's inequality we obtain that for any / £ B(L,X) with ||/|| < 1 and any 
4 = (<?«)hgN G / p * we have 



E & / 4/('H(0d* 



i/p* 



\k=n p 



In particular, for any £el and ||jc|| < 1 and any £ £ L* we have 



\A'=h f / 



1/P* 



\<:=np 



Then for any |jx|| < 1 and any £ € / p * we deduce 



4 7 



E &*k*hk 

A-=« e 



df < sup 

EeL 



E 4(x)n(t) d? 



< £ 

and, by Khinchin's inequality we get 

\ 1/2 



E i&r* 



1 



1/P* 



4V2 

Taking ^ el such that |§j 



£ |^W| 2 <W E l&l 



\k=n £ 



J(x)|( r - 2 '/ 2 and 



using 



l l 



we obtain 



^75 (ir=« e 14 MT) < e i- e - b y Exercise 6, p. 6 of |4|, T:X->l r is compact. 
Now, from the inequality (**) in (i) it can be proved, using Exercise 6, p. 6 of flU, 
that if T: X — > /, is a compact operator, then 7: X — > Z p is a compact operator and by 
(a), t/ is compact. 
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(e) 



(i) Is the same as in (d)(i) and use Lemma 10(ii). We omit the proof. Another way to 

prove this fact is to use Theorem 5(ii)(a). 
(ii) We prove that in our hypothesis it follows that U* is compact, hence by Schauder's 

theorem U will be compact. With the same notations as in (c), U*: l p * — > rcabv(T.,X*) 

is defined by !/*(§) = and 



Since X* has type a, then by definition of type a (see chapter 11, p. 217 of J3J) for 

any £ = (§„)„ 6 n € l p *, we have 



If we define the finite rank operators V„: lp* — > rcabv(L,X*) by V n (^) = t7*(£i, . . . ,§ n >0, . . . ), 
then by the above inequality, for any % = (^ n )neN G V with ||<s II < 1 we obtain 





From p* <flwe obtain that 





<Ux*) sup ||4| 



k>n+l 



and hence 



l|t/*-v n || <Ux*) sup ||4IHo. 



t>n+l 



Thus U* is compact. 



With the help of Proposition 1 1 we can give some concrete examples. 



Example 12. 



(a) The operator U: C([0, 1],L 2 [0, 1]) -> Z 2 defined by 




is compact. 
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(b) Let 1 < p < °° and U: C([0, l],/ p ) — » / p be the operator denned by 

tim),ei) + -~ + (f(t),e n ))r„(t)dt \ 
n J 

(i) If 1 < p < 2, then U is not Dunford-Pettis. 

(ii) If 2 < p < oo, then £/ is compact. 

(c) Let a = (a„)„ G N € /«>, 1 < p < °° and U: C([0, l],/i) — > /p be the operator defined by 

U{f)=(a n f\f{t),e n )r n {t)dt) . 

Then U is a Dunford-Pettis operator, and U is compact a € co. 

(d) Let 1 < p < 2. Define = 5 + 7 and take a = {cc n )neN <= ■ Then the operator 
U: C([0, 1],C[0, 1]) -» / p defined by 

- f«« /' ( t f(t)(s)r n (s)ds) r n (t)dt] 

V Jo V^o J J nen 

is compact. 

(e) Let 2 < p < 00, a = (a„)„ GN e /«, and let t/: C([0, 1],C[0, 1]) — > l p be the operator 
defined by 

U(f) = (a n ( l ( ( l f(t)(s)r n {s)ds\ r„(t)dt] . 

V Jo V^o J J nen 

Then U is a Dunford-Pettis operator, and U is compact a e co. 

(f) Let 2 < /5 < 00, 1 < /?* < 2 be the conjugate of /?, a = (oc„)„ € n € L= and 
t/: C([0, 1],L P » [°i !]) the operator defined by 

U(f) = (an C ( f 1 f(t)(s)r n (s)ds) r n (t)dt) . 

V Jo V^o ) J neN 

Then U is a Dunford-Pettis operator U is compact O a £ co. 

(g) Let 1< p < 2, g = (g„) neN G L»([0, l],/p) and let t/: C([0, l],Li [0, 1]) -» f p be the 
operator defined by 

U(f) = (jf* ^ f(t)(s)g n (s)ds^ r n (t)<k) 

Then U is a Dunford-Pettis operator, and U is compact g has an essentially rela- 
tively compact range. 

Proof. 

(a) Take x* <= L 2 [0, 1] defined by **(/) = / 1 /(4y"ds. By Hilbert's theorem, the oper- 
ator H: L 2 [0, 1] — » h defined by H(f) — ( J 1 / - (s)s"df) jjGN is bounded linear. Now 
H: L2[0, 1] — > co is compact, because ||x*|| = -7= — > 0, Z^[0, 1] is a Hilbert space, 
hence of type 2, and by Proposition 1 l(e)(ii) we obtain the statement. 
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(b) Letx* G I* be denned by x*((x n ) ne ^) = x< „ ■ Then the Hardy operator//: l p — > / p 
defined by //(x) = (^*(jc)) n€ j} is bounded linear. 

(i) It follows from Proposition ll(d)(i) and (b) and the well-known fact that the 
Hardy operator is not compact. 

(ii) In this case I* = l p * has type p*, where 1 < p* < 2, \\x*\\ = -\ — ► and we apply 

„p 

(c) f^fiWai^ 5 il' a Dunford-Pettis operator follows from Theorem 3.1 in 
ifTOl . because l\ has the Schur property. Define x* G l\ by x* n {x) = a„x n and 
observe that, since a G /«, then the multiplication operator M: l\ — > l p defined by 
M(x) = (x*(x)) ne -^ is well-defined bounded linear. If U is compact, then by Propo- 
sition 11(c), \ a„\ = — >0. 

Conversely, if a G cq, then M is compact and hence by Proposition 11(a), U is 
compact. 

(d) and (e). In our hypothesis, for any 1 < p < oo the operator T: C[0, 1] — ► l p defined 
by T(f) = (a„ Jo f(s)r„(s)ds) n£N is bounded linear (for 1 < p < 2 by the Holder- 
Bessel inequality and a G while for 2<p<°°by||||p<||||2 and the Bessel 
inequality). 

(e) Since a G for any / e C[0, 1] we have the inequality 

It («k J q f{s)r k (s)ds\k >n^j< l r {a k \k > n)\\f\\. 

From Exercise 6, p. 6 of |4), T: C[0, 1] — > / r is compact. Hence by the equivalences 
in the proof of Proposition 1 l(d)(ii) (i = 3 + 7),^ is compact. 

(f) Since C([0, 1],C[0, 1]) is isometric and isomorph with C([0, l] 2 ) and l p is reflexive, 
U is weakly compact and hence is Dunford-Pettis (see Corollary 6, p. 154 of [6 1). 

Iff/ is compact, then by Proposition 11(c), \a n \ = \\x* n \\ — >0. 
For the converse, observe that for any / G C[0, 1] we have the following chain of 
inequalities: 

Zp ( a */o /( s ) r *0) d #- n ) < (sup|a„|)/ p ^ /(j>>(j)ds|fc>/j 

< (sup|a„|)/ 2 ( / f(s)r k (s)ds\k > n 

k>n \J0 

<(sup|a„|) / |/(.)| 2 d, 

k>n \J0 J 

< ||/||(sup|a„|). 

k>n 

Since a E cq and from Exercise 6, p. 6 of Q], it follows that T: C[0, 1] — * Z p is 
compact and by Proposition 1 1(a), U will be compact. 

(g) By the Hausdorff- Young inequality, the operator T: L p * [0, 1] — > l p defined by T(f) = 
(« f Jof(s)r n (s)ds) n gN is bounded linear. 

Suppose U is a Dunford-Pettis operator. Then by Proposition 1 l(e)(i) T: L p * [0, 1] - 
co is a Dunford-Pettis operator and thus is compact, since L p *[0, 1] is reflex- 
ive, hence \a„\ = \\x*\\ —> 0. The converse follows from Proposition ll(e)(ii), 
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since (L p *[0,l])* = L p [0,l] has type min(p,2) = 2 (see Corollary 11.7, p. 219 of 
0). 

(h) In our hypothesis the operator T: Li[0, 1] — > defined by = ( Jq 1 f(s)g n (s) 
ds) nGN is bounded linear and weakly compact, and hence is a Dunford-Pettis 
operator (see Lemma 4, p. 62 of j6 1) and Dunford-Pettis theorem (p. 76). By Propo- 
sition ll(d)(i), U is a Dunford-Pettis operator. For the compactness we use Propo- 
sition ll(d)(ii) and the representation of compact operators on L\(\l), (see p. 68 of 



Now we analyze the case l\. Since l\ has the Schur property (see Chapter 1 of Q), we 
study only the compactness. 

PROPOSITION 13. 

LetX be a Banach space, (x*) ne ^ G w\ (X*), T:X —> l\ defined by T(x) — (x*(x))„ e ^ and 
let U: C([0, 1},X) — > li be the operator defined by 

U(f)=( f x* n f(t)rn(t)dt) . 



(a) If the series Y^=\ x * n ' s unconditionally norm convergent i.e. T: X — > l\ is a compact 
operator, then U is a compact operator. 

(b) IfU is a compact operator, then T: X — > lj is a compact operator. 



Proof. 



(a) It is analogous with we gave in Proposition 1 1(a). 

(b) If U is compact, then, see Theorem 6 of [1 1 and Exercise 6, p. 6 of [4 |. For any e > 
there is n £ £ N such that for any n > n £ it follows that for any / £ B(H,X) with 
ll/ll < 1 we have 



E 

k=n £ 



< e. 



xlf(t)r k {t)dt 

Let n > n £ . In particular, by the above inequality, for any Eel. and ||x|| < 1 we have 



E 4(x)r k (t) dt 

\k=n e j 



Then for any ||jc|| < 1 we obtain 



< £. 
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E 4( x ) r k(t) 

k=n e 



dt < sup 



£ x* k (x)r k {t) dt 

\k=n e j 



< e 



and, by Khinchin's inequality, -^m ( Y!l=n E \ x t ( x )\ 2 ) — e ' which by Exercise 6, p. 6 
of [4 1, means that T: X — > Z2 is compact. 



Banach spaces of continuous functions 



29 



Now a concrete example. 
Example 14. 

(a) Let a — (a„) nG N G '■*> an d let f/: C([0, l],Zi) — > /i be the operator defined by 

U(f)=(a n [ (f(t),e n )r n (t)dt) . 
\ -Jo J „ GN 

Then f/ is a compact operator a 6 co. 

(b) Letg = (g„)„ GN £L([0,l],/i) and U: C([0, l],Li [0, 1]) -> /i be the operator defined 
by 

U W =(f \ f f(t)(s)gn(s)ds) r n (t)dt) . 

(i) If the function g has an essentially relatively compact range in l\, then the operator 
U is compact. 

(ii) If U is a compact operator, then the function g G Loo([0, l],/i) has an essentially 
relatively compact range in h. 

(c) Let a = (fln)nGN S /oo, (£'„)„ g n C £ be a sequence of pair-wise disjoint and non- 
negligible Lebesgue sets. The operator U: C([0, l],Li[0, 1]) — * l\ defined by 

U{f)=([ 1 a n (j f(t)(s)ds] r„(t)dt) 

vo \Je„ J / neN 

is a compact operator <^> a e cq. 
Proof. 

(a) If t/ is compact, then by Proposition 13(b) the multiplication operator M: l\ — > I2 
defined by M(x„)„ g n = (o n x n )nen is compact, which implies that a G co- Conversely, 
if a G co, then the operator M: l\ — > Zj defined by M(.x„)„ g n = (a„x„) nG N is compact 
and thus, by Proposition 13(a), U is compact. 

(b) (i) It follows from Remark 9(b) and Proposition 13(a). (ii) If U is a compact operator, 
then by Proposition 13(b), the operator T: L\ [0, 1] -> l 2 defined by T(f) = /„' f{t)g(t) 
is compact and using the representation of compact operators on Li(jlt) in p. 68 of 
O, the statement follows. 

(c) By hypothesis g = (a„XE„) n eN € £00 ([0, If U is compact, then by (b)(ii), g has 
an essentially relatively compact range in 1% i.e. there is A G £ with jli(A) = such 
that for any £ > there is n £ G N such that sup,^ A £" =nE |<ZfcJfej.(0| 2 < £ 2 - Let « > n £ . 
Since is a non-negligible Lebesgue, there is t G £„ — A and thus |a„| 2 < £ 2 i.e. 
a n — > 0. 

The converse follows from inequality Y!k=„ \ a n%E k {t) \ < sup lt> „ |a^| and (b)(i). 
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